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^ I Abstract 

We consider the direct and inverse spectral problems for Dirac operators generated by 
. the differential expressions 

i\0 -IJ dx \q* 

\ and some separated boundary conditions. Here g is an r x r matrix-valued function with 

pLn ■ entries belonging to L2((0, 1), C) and / is the identity r x r matrix. We give a complete 

(-^ . description of the spectral data (eigenvalues and suitably introduced norming matrices) for 

\ the operators under consideration and suggest a method for reconstructing the potential 

q from the corresponding spectral data. 

1 Introduction 

^ \ Direct and inverse spectral problems for Dirac and Sturm-Liouville operators are the objects 

■ of interest in plenty of papers. In 1966, M. Gasymov and B. Levitan solved the inverse spectral 

problem for Dirac operators on a half-line by using the spectral function [T] and the scattering 
phase [2]. Their investigations were continued and further developed in many directions. 

By now, the direct and inverse spectral problems for Dirac operators with potentials from 
different classes have been solved. For instance, the Dirac operators on a finite interval with 
continuous potentials were considered in [3], |1] (reconstructing from two spectra), the ones on 
a half-line were treated in [S] (complete description of the spectral measures and the recon- 
struction procedure). The case of potentials belonging to Lp(0, 1), p > 1, was considered in [6] 
(reconstructing from two spectra and from one spectrum and the norming constants based on 
the Krein equation). 

The Weyl-Titchmarsh m-functions were used in [7] , [8] to recover the Dirac operators acting 
in L2(M_|_, C^^). More general canonical systems on M were considered in [9], [TU]. The matrix- 
valued Weyl-Titchmarsh functions were recently used in for the characterization of vector- 
valued Sturm-Liouville operators on the unit interval. 

There are many other interesting papers concerning the direct and inverse spectral problems 
for Dirac and Sturm-Liouville operators besides those mentioned here. We refer the reader to 
the extensive bibliography cited in for further results on that subject. 
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The aim of the present paper is to extend the results of the recent paper [12] by Ya. 
Mykytyuk and N. Trush concerning the inverse spectral problems for Sturm-Liouville operators 
with matrix-valued potentials to the case of Dirac operators on a finite interval with square- 
summable potentials. 

1.1 Setting of the problem 

Let Mr denote the Banach algebra of r x r matrices with complex entries, which we identify 
with the Banach algebra of linear operators C — )■ C^' endowed with the standard norm. We 
write I = Ir for the unit element of Mr and M^ for the set of all matrices A G Mr such that 
A = A* > 0. Also we use the notations 

H := L2((0, 1), C^) X L2((0, 1), C^, H := L^HO, 1), Mr). 

Let g G n. Denote 

and consider the differential expression 

V=*| + q (1.2) 

on the domain -D(tg) = {y = {yi, 2/2)^ | 1/1,1/2 £ W^2^((0, 1), C)}, where W2 is the Sobolev 
space. The object of our investigation is a self-adjoint Dirac operator Tg that is generated by the 
differential expression fll.2p and the separated boundary conditions ?/i(0) = 1/2(0), i/i(l) = 1/2(1): 

Tgv = tg{y), D{Tg) = {ye D{tg) \ y^{0) = y,{0), yi(l) = 1/2(1)}. 

The function g G will be conventionally called the potential of Tg. 

The spectrum cr(Tq) of the operator Tg consists of countably many isolated real eigenvalues of 
finite multiplicity, accumulating only at +00 and —00. We denote by Xj{q), j G Z, the pairwise 
distinct eigenvalues of the operator Tg labeled in increasing order so that \o{q) < < Ai(g): 

(^(Tg) = {\jiq)}jez- 

Denote by rriq the Weyl-Titchmarsh function of the operator Tg that is defined as in [7] . The 
function nig is a matrix-valued meromorphic Herglotz function (i.e. lmmq{X) > whenever 
ImA > 0), and {Xj{q)}jez is the set of its poles. We put 

(^jil) ■= - ^^es mg(A), j G Z, 

X=\jiq) 

and call (yj{q) the norming matrix of the operator Tg corresponding to the eigenvalue Xj{q)- 
Note that the multiplicity of the eigenvalue Xj{q) of Tg equals rankQ;j(g) and that aj{q) > 
for all j G Z. 

We call the collection := ((Aj(g), aj(g)))jg2 the spectral data of the operator Tg, and the 
matrix-valued measure 

00 

j=-co 

is called its spectral measure. Here S\ is the Dirac delta- measure centered at the point A. In 
particular, if g = then 

00 



\q* 0) 
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The aim is to give a complete description of the class 21 := {a^ | g G 0} of spectral data 
for Dirac operators under consideration, which is equivalent to the description of the class 
931 := {iJ,g I q e 0} of spectral measures, and to suggest an efficient method of reconstructing 
the potential q from the corresponding spectral data a^. 

1.2 Main results 

We start from the description of spectral data for operators under consideration. In what follows 
a will stand for an arbitrary sequence ((Aj, Q;j))jgz, in which {Xj)j^z is a strictly increasing 
sequence of real numbers such that Aq < < Ai and aj are non-zero matrices in M+. By 
we denote the matrix- valued measure given by 

oo 

^i^■.= J2 ^Ar (1-3) 

i=-oo 

We partition the real axis into pairwise disjoint intervals A„, n e Z: 

A„ := (ttti- f,7rn + f] , n e Z. 
A complete description of the class 21 is given by the following theorem. 

Theorem 1.1 In order that a sequence a — ((Aj, aj))j^i should belong to 21 it is necessary and 
sufficient that the following conditions are satisfied: 

(Ai) sup 1 < OO; |Aj-7rnp<oo, ||/ - Y afc|p < oo; 

N 

{A2) 3NoeN yN eN: {N>No)^ E ranka^ = (27V + l)r; 

n=-N Xj^An 

{A2) the system of functions {de''^^^ | j e Z, 0? e Ran aj} is complete in L2((— 1, 1),C). 

By definition, every a G 21 forms the spectral data for Dirac operator Tg with some g G £}. 
It turns out that this spectral data determine the potential q uniquely: 

Theorem 1.2 The mapping 0.3qi-^a=aqEQlis bijective. 

We base our algorithm of reconstructing the potential q from the corresponding spectral 
data Oq on Krein's accelerant method. 

Definition 1.1 We say that a function H G L2((— 1, 1), M^) is an accelerant if for every 
a G [0, 1] the integral equation 



a 

f{x) + J H{x-t)f{t)dt^O 



has only trivial solution in L2{{0, 1), C^). We denote the set of accelerants by S)2 and endow it 
with the metric of the space L2((— 1, 1), Mj.). 

We set S^l — e -^2 I H(x)* = H(-x) a.e. for x G (-1, 1)}. 

The spectral data of the operator Tq generate Krein's accelerant as explained in the following 
theorem. 
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Theorem 1.3 Take a sequence a = {{Xj,aj))j^i satisfying the asymptotics (Ai), and set /i : = 
/i". Then the limit 

7r(n+i) 



H^{x)=\im / e^^M/^-/io)(A) (1.4) 

n— !>oo 



exists in the topology of the space L2((— 1, l),Mr). If, in addition, [A^) holds, then the function 
Hn is an accelerant and belongs to S}2- 



By virtue of Theorem 11.11 any a G 21 satisfies the conditions (Ai) — {A3). In addition, 
if g G and a = a^, then = fig. Therefore according to Theorem 11.31 we can define the 
mapping q h-> T(g) := H^^ acting from to S^2^ and in order to solve the inverse spectral 
problem for the operator Tg we have to find the inverse mapping T~^. As in [12], it can be 
done using the Krein equation. 

It is known that for all if G 2 the Krein equation 

X 

R{x,t) + H{x~t) + J R{x,s)H{s-t)ds = 0, (x,t)Gl]+, (1.5) 



where f2+ := {{x,t) | < t < x < 1}, has a unique solution Rh in the class L2{fl~^,Mr). 
Moreover, if we extend Rh by zero to the triangle Q~ := {{x,t) | < x < t < 1}, we obtain 
that Rh G 6*2 (M^) (see|A]). 

Thus we can define the mapping : ~^ ^ given by 

e{H) ■.= iRh{-,0). (1.6) 

The following theorem explains how to solve the inverse spectral problem for the operator Tg. 

Theorem 1.4 T^-*^ = O. In particular, if q ^ Q, a = ag, fi = fi^, then 

q = m,)- (1-7) 

According to this theorem the reconstruction algorithm can proceed as follows. Given a G 21 
we construct the matrix- valued measure /i := /i" via (11. 3p . which generates the accelerant 
H := via (11.41) . Solving the Krein equation (ll.Sp we find the function Rh, which gives us 
q via the formulas (11.71) and (II. 6p . That q is the function looked for follows from the fact that 
the Dirac operator Tg has the spectral data a we have started with. 

We visualize the reconstruction algorithm by means of the following diagram: 

a )■ =: 11 )■ =: H )■ Rh )■ B(/i) = q. 

S\ S2 S3 S4 

Here Sj denotes the step number j. Steps Si, S2, S4 are trivial. The basic and non-trivial step 
is S3. 

Remark 1.1 One can also consider the case of more general separated self-adjoint boundary 
conditions. Denote by Tg^a,b the operator generated by the differential expression ( (i.^) and the 
boundary conditions 

ay{0) = 0, by{l) = 0, 
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where a and b are r x 2r matrices with complex entries such that (see ^) 

aa* = bb* = I, ada* = bdb* = 0. 



For the operator Tq^a,b, the analogues of Theorems \1.1[]1.4\ can be proved, but their formula- 
tions are more complicated since the spectrum of the non-perturbed operator To^a,b has a more 
involved structure. Namely, it consists of 2r eigenvalue sequences of the form (A° + 2'Kk)k<^i, 
j = l,...,2r, counting multiplicities. The authors plan to consider the case of general (not 
necessarily separated) boundary conditions in a forthcoming paper. 

2 Direct spectral analysis 

In this section we study the properties of the spectral data for operators under consideration. 
2.1 Basic properties of the operator Tq 

Here we prove self-adjointness of Tg, construct its resolvent and the resolution of identity. 

Let A e C. For an arbitrary g G denote by Ug = Ug{-, A) G W^2^((0, 1), M2r) a solution of 
the Cauchy problem 

i^£u + qu = \u, uiO,\) = hr, (2.1) 
where and q are defined via ( II. ip . Note that if g = then 

uo{x,X)=i^\' (2.2) 

Denote 

(Pq{-,X) := Uq{-,X)^a*, ^pq{-,X) := Uq{-,X)a*, (2.3) 

where 

and set s{X,q) := aipq{l,X), c(X,q) := ailjq{l,X), mq{X) := — s(A, g)~^c(A, g). We call the 
Weyl-Titchmarsh function of the operator Tq. 

Some basic properties of the objects just introduced are described in the following lemma. 

Lemma 2.1 (z) For every q E Q. there exists a unique matrix-valued function Kq e (j^(M2r) 
such that for any A G C and x G [0, 1], 



iPq{x,X) = ipQ{x,X) + / Kq{x,s)LpQ{s,X)ds] (2.4) 



[II 



the mapping 3 g h> Kq G G'^(M2r) is continuous; 



{Hi) the matrix-valued functions X t— )■ s(A, g) and X t— )■ c(A, g) are entire and allow the repre- 
sentations 



1 1 



s(A,g) = (sinA)/ + J e'^'gi{t)dt, c(A, g) = (cosA)/ + J e'^'g2it)dt, (2.5) 

-1 -1 

where gi and g2 are some (depending on q) functions from the space L2((— 1, 1), Mr); 
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(iv) for every g G O the following relation holds: 

- i)q{x, X)iPq{x, \y + ipg{x, \)i'q{x, A)* = . (2.6) 

Proof. Let us fix g G and set qi := — Img = —^{q — q*), q2 := Reg = |(g + g*). Consider 
the Cauchy problem 

where 

It follows from [13j that this problem has a unique solution Vg = Vq{-, A) in W^2^((0, 1), M2r) and 
that Vg{-, X) can be represented in the form 



Vq[X, 



X X 



where e^^ = {cosx)l2r + (sina;)i?. 

Note that = W~^BW and q = W~^QW, where W is the unitary matrix 

/ -il 



W = — , 

Therefore the function Uq{-, A) = W~^Vq{-, \)W solves the Cauchy problem (I2.ip . 
Note that 



Using now (12.71) and performing some calculations we easily obtain that 



/ 
/ 



ipq{x,X) = (Pq{x,\) + j Kq{x,s)(po{s,X)ds, 



where Kq{x,t) = W-^PQ{x,t)W and 

Pq(x, t) = i {P+ (x, ^) + P+ (x, ^)J + P~ (x, ^)J + P- (x, ^) } . 

It follows from [13] that the function Pq belongs to G^(M2r) and that the mapping L2{{0, 1), M2r) ^ 
Q I—)- Pq G G^(M2r) is continuous. Therefore the first two statements of the present lemma 
will be proved if we prove the uniqueness of the representation (12.41) . but this can be easily 
done repeating the proof given in jl3j . 

Now let us prove {Hi). By virtue of the definition of s(A, g) and the representation (12.41) we 
obtain that 



s(A, g) = (sin A)/ + J aKg(l, s)ipo{s, \)ds 



and simple calculations yield the formula for s(A) in fl2.5p with some gi G L2((— 1, 1), M^,). 
Having noted that ipgi^x, A) = Ug{x, X)a* = W~^Vg{x, \)Wa* and taking into consideration (12. 7p 
we can analogously obtain the formula for c(A). 
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It remains to prove (iv). A direct verification shows that 

i:{u,{xJr^u,{x,X)} = 0, 

and therefore we obtain the relation Uq{x, \)*'duq{x, X) = 'd. From this equahty we obtain 
that 'duq{x,\)'duq{x,\)* = —l2r, and thus Uq{x, \)'duq{x, X)* = 'd. Having noted that ^ = 
a* ad + da* a we conclude that 

\)a* aduq{x, A)* + Uq{x, X)da*aUq{x, A)* = 

which proves the relation (12. 6p . □ 
For A G C denote by $g(A) the operator acting from C to H by the formula 

[%{X)c]{x) ■.= ^q{x,X)c. (2.8) 

Taking into consideration (12. 4p we obtain that 

$,(A) = (^ + jr,)<l>o(A), AeC, (2.9) 

where is an integral operator with kernel Kq and is the identity operator in ^{M), which 
is the algebra of bounded linear operators acting in H. Note that since Kq belongs to G^(M2r), 
the operator ^ belongs to '^^^{M2r) {see\M), and hence it is a Volterra operator (see [E]). 

Some properties of the operators $g(A) and the Weyl-Titchmarsh function mq{X) are for- 
mulated in the following lemma. 

Lemma 2.2 Let q E O.. Then the following statements hold: 
(i) the operator function X i— )■ $g(A) is analytic in C; moreover, for A G C 

ker<l>q(A) = {0}, Ran$q(A)* = C", (2.10) 
ker(Tg - Xy) = ^q{X) ker s{X, q). (2.11) 
(u) the operator functions X i— )■ s{X,q)~^ and 

X ^ mq{X) = -s(A, q)~^c{X, q) 
are meromorphic in C; moreover, mo (A) = — cot A/ and 

||m,(A) + cot A/|| = o(l) (2.12) 
as A —i- oo within the domain O = {z E'C \ VnGZ \z — 'Kn\ > 1}. 

Proof. The proof of this lemma is analogous to the proof of Lemma 2.3 in [12]. □ 
Finally, basic properties of the operator Tq are described in the following theorem. 

Theorem 2.1 Let g G il. Then the following statements hold: 
(z) the operator Tq is self-adjoint; 

(ii) the spectrum (j{Tq) ofTq consists of isolated real eigenvalues and 

a{Tq) = {X I kers(A,g)^{0}}; 
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(iii) let Xj = Xj{q) and let Pj^q be the orthogonal projector on ker(Tg — AJ^), then 

oo 



',q 

j=-oo 



(iv) the norming matrices aj = c^j{q) satisfy the relations aj > 0, j G Z; moreover, for all 
j E Ij we have 

P,,, = $,(A,)a,$;(A,), 

where $;(A) := [^^(A)]*. 

Proof. A direct verification shows that the operator Tg is symmetric. Take an arbitrary A such 
that the matrix s(A, q) is non-singular, and let / G H. Then the function 

X 1 

g{x) = [^(A)/](x) := V,(a:,A) J ^q{t,\rf{t)dt + ^g{x,X) j %{tjyf{t)dt 

X 

belongs to the domain of differential expression and solves the Cauchy problem 

U{g) = \g + f, a^7(0) = 0, 

as can be directly verified using (12. 6p . A generic solution of this problem takes the form 
h = (pg{-, A)c + e^(A)/, c G The choice 



c 



m,(A) / ipg{t,Xyfit)dt 







gives that ah{l) = 0, i.e. the boundary conditions hi{0) = /i2(0), hi{l) = h2{l) are satisfied. 
This implies that A is a resolvent point of the operator Tg, and the resolvent of Tg is given by 

(Tg - = <l>,(A)m,(A)$;(A) + ^(A). 

Since ^(A) is a Hilbert-Schmidt operator, the operator Tg has a compact resolvent, and there- 
fore the statements {{) — (iii) are proved. 

Recall that —aj{q) is a residue of the Weyl-Titchmarsh function at the point Xj = Xj{q), 
j G Z. Taking e > small enough we obtain that 

^,,. = -^ / iTg-Xyr'dC = %iX,)a,iq)^;iX,) 

\X-X,\=e 

for every j G Z. 

By virtue of (12.101) we obtain that aj{q) > for all j G Z, and the statement {iv) is also 
proved. □ 



2.2 Description of the spectral data: the necessity part 

Here we show that if g G H, then the spectral data ag satisfy the conditions (Ai) — (A3), which 
is the necessity part of Theorem 11.11 



8 



2.2.1 The condition (Ai) 

In the sequel we shaU use the foUowing notations. If (Aj)^^^ is a strictly increasing sequence of 
non- negative real numbers and (aj)jgz is a sequence in M+, then 

Pn '■= I — Ofc, Aj := \j — nn, \j E A„, n E Z, (2.13) 

Afc6A„ 



with An being defined in Subsection 11.21 

We start from the condition {Ai), which describes the asymptotics of spectral data. 

Theorem 2.2 Let q E £l. Then for the sequence a = Og the condition {Ai) holds. 

Sketch of the proof. The proof of this theorem is analogous to the proof in [12], and therefore 
we give here only its sketch. Let q E O. and \j = Xj{q), dj = djiq) for j E Z. The eigenvalues 
\j are zeros of the sine-type function A i— )■ s(A) (see (12.51) ) that belongs to the following class of 
functions C Mr'. 



J^f{\) := sin A/ + y /(t)e*^* dt, \ E C, 



where / E L2((— 1, 1), Mr). It is shown in [15] that the set of zeros of a function det J7, with 
J-j as above, can be indexed (counting multiplicities) by the set Z so that the corresponding 
sequence {uJn)n<^z of its zeros has the asymptotics 

Ukr+j = nk + Uj^k, k eZ, j = 0, . . . , r - 1, 
where the sequences {ujj^k)k& belong to £2(^1). Therefore, 

sup ^ 1< cx), YY < (2-14) 

and thus it is left to prove only that (see (I2.13p ) 

00 

n=— 00 

It can be done in exactly the same way as in [12]. □ 



2.2.2 The condition {A2) 

We start from proving the following lemma, which is an analogue of Lemma 2.12 in [12j . 

Lemma 2.3 Assume that q E Q., and let a be a collection satisfying the asymptotics {Ai). For 
j E Z set Pj := ^q{Xj)aj^*{Xj) . Then the s cries '^j^i^Pj converges in the strong operator 
topology and 

00 

II ^".0- Y ^^11' < (2.15) 

n=— 00 Aj-eAn 
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Sketch of the proof. Let the assumptions of the present lemma hold, and let a = {{Xj, aj))j^z- 
Using fl2.9p and the fact that J^g is a Hilbert-Schmidt operator, it can be observed that 

Since \\^q{Xj) - $g(vrn)|| < C\Xj\ {Xj e A„, n e Z) for some C > 0, 

J2 E ll<f,(A,)-$o(v™)f <oo. (2.16) 

From (12.161) we easily obtain that 

Ell*^('^^)/ll'<°« (2-17) 
for all / e H. Indeed, it is enough to note that Xlnez ll'^o(™)*/lP = II /P, / ^ and that 

Taking into account that the sequence (aj)jez is bounded we conclude that X^^ez ll'^i'^*(-^i)/P < 
oo, / G H. Moreover, it can also be shown that for every sequence c G 12{'Z,C^) the series 
X]jez ^^('^jO'^i is convergent, which justifies the convergence of '^j^x^j- 

Now let us prove (I2.15p . Recall that P„.o = ^o{'^n)^'^{TTn). By virtue of the definition of 
/3n we obtain that 

Pn,Q = $o(7™)/3„$o(v™) + E '^'o(7rn)aj$*(7™), 

AjeA„ 

and thus we can write 

Pn,o - J2 = %i7in)(3n%i7m) + ^ |<l>o(™)aj<l>*(7rn) - <l>,(Aj)ay$;(Aj)]. 

Thus, since the sequences ($q(Aj)) and (a^) are bounded, we obtain that 



\Pn,0- E Air<C^lll/3nf + C2 E ll'^«(A.)-<^' 

Aj gAj^ Aj gAj^ 



ol™)f. 



where Ci and C2 are non-negative constants independent of n. Taking now into consideration 
(|2A6|) and (Ai), we obtain (12151) . □ 

The following lemma is proved in |12j (Lemma B.l). 

Lemma 2.4 Suppose that H is a Hilbert space. Let (P„)^^ and {Gn)'^=i be sequences of 
pairwise orthogonal projectors of finite rank in H such that J2'^=i Pn = Xl^i = ^h, where 
J'h is the identity operator in H, and let J2'^=i \\Pn — Gn\\^ < 00. Then there exists A^o G N 
such that for all N > Nq, 

N N 

rank Pn = rank Gn- 

n=l n=l 

We use Lemmas 12.31 and 12.41 to prove (^42). If a = a^, then the operators Pj, j G Z, from 
Lemma 12.31 coincide with the orthogonal projectors Pj^g corresponding to the eigenvalues Xj 
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(see Theorem 12. ip . Since {Pj,q}, j G Z, forms a complete system of orthogonal projectors, by 
virtue of Lemmas 12.31 and 12.41 we justify that 



N N 



rank P„,o = X] ^^^^ 

n=-N n=-N Xj<aA„ 



for N > Nq. Taking into consideration f l2.10p . we obtain that rankPj^g = ranka^ and 
rankP„_o = ^ for all j, G Z, and thus we justify that the condition (A2) is satisfied. 

2.2.3 The operators '^^g 

Before proving the condition (^3) we have to introduce some operators that play an important 
role below. 

Let g G n, and let a = {{Xj,aj))jQZ be any collection satisfying the asymptotics (Ai). 
Construct the operator '^a,q : EI — )• EI by the formula 

^„,,:=5^<l>,(A,)a,$;(A,). (2.18) 

By virtue of Lemma 12.31 the operator '^a,q is continuous, and, since aj > for all j E 1^ (see 
Theorem 12. ip . it is also non- negative. 
In particular, 

^a„, = ^, (2.19) 



as follows from Theorem 12.11 

Now we are going to show that the operator ^a,q is the sum of the identity one and a 
compact one. We start from proving the following lemma. 

Lemma 2.5 Let a be any collection satisfying the condition (Ai). Then the limit ( [i.^[ ) exists 
in the topology of the space L2((— 1, 1), Mr), and the following relation holds: 

H^ix)* = H^{-x). (2.20) 

Proof. Taking into consideration the definitions of measures fi and /xq it is easy to observe 
that the function H := can be rewritten as 

H{x) = J2\\ Yl e^'^^'ttj I - e'*™"/ > , (2.21) 
nez [ yA^eAn J J 

and thus we have to show that the series (12.211) is convergent in L2((— 1, 1), M^). 
Note that 

e^'^^'^aj I - e^^™^/ = e2*"'^^7„(x) + xe^'^'^''r]n - e^™^/?^, (2.22) 
where 

7„(x) := ^ (e^^^^^' - 1 - 2i\jx)aj, 7]n := ^ 2iXjaj, 
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f3n and Xj are given by fl2.13p . Since the sequence {aj)j^z is bounded and — 1 — z\ < |2;pel^l, 
2; G C, in view of the condition (Ai) we obtain that 

^ sup ||7„(x)|| < cx), ^llr^nf <oo, ^ ||/3„,||^ < 00. 

^ggxe[0,l] n& nez 

Therefore, taking into consideration (I2.22p it is easy to observe that the series (12.211) is conver- 
gent in the topology of the space L2((— 1, 1), Mr). 

The relation fl2.20p follows directly from the formula ( I2.2ip . □ 

For H e L2((-l, 1), Mr) denote 



where H^{x) := H{-x). Note that Fh G G'2(M 



2r 



Proposition 2.1 Let a be any collection satisfying the asymptotics (Ai), and set := /x", 



H := H^. Then 



^a,o = y + ^H, (2.24) 
where is a Hilbert-Schmidt operator with kernel Fh, i.e. 



1 

J Fh{x,. 



-i2r\ 



{^Hf){x) = J FH{x,s)f{s)ds, /GL2((0,1),C^ 


Proof. The proof can be obtained by direct verification. □ 



2.2.4 The condition (A3) 

Now let us prove that for all g G H the spectral data satisfy the condition (A3). In view of 
f l2.19p . this fact directly follows from the following lemma. 

Lemma 2.6 Let g G 0, and let a = {{Xj,aj))j^z be any collection satisfying the asymptotics 
(Ai). Then 

(A3) ^ > 0. (2.25) 
Proof. Taking into consideration the relation (12.90 . we obtain that 

^a,, = iy + ■X,)'^a,o{-^ + ^*). (2.26) 

Since the operator ^ + is a homeomorphism of the space H, it is enough to prove the 
equivalence (I2.25P only for the case g = 0. 

Since '^afi > and the operator in (12.241) is compact, we obtain that > if and 
only if ker '^afl = {0}- Thus it is enough to prove the equivalence 

(A3)^ker^„,o = {0}. (2.27) 

Set X := {e'^^^d \ j e Z, d e Ran aj} C L2((-l, 1), C) and note that the condi- 
tion (A3) is equivalent to the equality = {0}. Consider the unitary transformation 
U : L2((-l, 1), CO ^ e given by 

{Uf){x):={f{-x)J{x))eC'^, XG(0,1). 

It follows from the definitions of ^a,o and $o('^) that 

ker^„,o = f^keiajmXj) = (UX)^ = UX^, 

and therefore (12.271) is proved. □ 
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3 Inverse spectral problem 



In this section we solve the inverse spectral problem for the operator T^. We show that if a 
collection o satisfies the conditions (Ai) — {A3), then 0=0^ for some g G H and suggest a 
method of constructing such q. 



3.1 The Krein accelerant: proof of Theorem 11.31 



Here we prove Theorem ll.3[ i.e. we show that any collection a satisfying the conditions (Ai) 
and {A3) generates the Krein accelerant belonging to 

Since the convergence of (11. 4p was already proved, it is left to prove only the following 
lemma. 

Lemma 3.1 Let a satisfy the conditions {Ai) and {A3), fi := H := H^. Then the function 
H is an accelerant and belongs to i^g- 

Proof. Let us prove that H belongs to Sj2- It is enough to prove that the operator + is 
positive in L2{{0, 1), C), where is given by 

1 

{J^f){x) = j H{x-t)f{t)dt. (3.1) 


By virtue of (I2.24p and Lemma 12. 6[ the condition {A3) implies the 
positivity of the operator ^ + in the space L2((0, 1), C^*"). Consider the unitary trans- 
formation V : L2((0, 1), C^"^) L2((0, 1), C), 



{Vf){t) 



'V2f2{l-2t), te (0,1/2], 
v^/i(2t-l), tG (1/2,1). 



A direct verification shows that + M' = V{J^ + ^h)V~^, and thus the operators + Jif 
and + are unitary equivalent. Therefore / + Jif > in I/2((0, 1), C^). It is left to notice 
that by virtue of the relation (12.201) the function H belongs to i^^. □ 



3.2 Factorization of ^^fi 

Given a collection a satisfying the asymptotics {Ai), put /i := /i", H := H^, and construct the 
operator '^afi via f l2.18p . In this subsection we show that ^a,o admits a factorization in ^2{Mr). 
Some statements concerning the theory of factorization can be found in |Bl 



3.2.1 Basic properties of Rh 

Recall that for G i32 we denote by Rh the solution of the Krein equation (11. 5p . Here we 
prove some basic properties of Rh- 

Lemma 3.2 {%) If H E S)2, then Rh G G^(Mr) and the mapping 

Sj23H^RHe Gt{Mr) 

is continuous; 
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(m) ifHeS)l, then G i^^ and 



i?^«(-,0) = [i?H(-,0)]*; (3.2) 

(iii) the mapping Q : ^ ^ given by Q{H) := zi?//(-,0) is continuous; 
(tv) if H e Sj2r\C\[-l,l],Mr), then Rh e C\n+,Mr). 

Proof. We start from proving (i). Suppose that H G S^2- Denote by J€' the operator 
given by dSl]), and set := XaJ^Xa (see [B]). Since H G ^2, ker(^ + = {0} for all 
a G [0,1], and the operator + is invertible in the algebra ^^(^2) of bounded linear 
operators acting in L2{{0, 1),^). Since J^"- depends continuously on a G [0, 1], the mapping 
[0, 1] 3 a I— i- (J^ + J^"-)^^ G SS{L2) is continuous. Denote by Ta,H the kernel of the integral 
operator — ^"(j^ + M'"-)^^ . Since is a Hilbert-Schmidt operator, the mapping 



[0, 1] X ^2 3 (a, if) Ta,H e L2((0, 1)^, M,) 



is also continuous. 
For (x, t) G fi+ put 



a: XX 



RH{x,t):= j H{x-y)H{y-t)dy + j j H{x - u)T^^h{u,v)H{v -t)dvdu. (3.3) 



00 



It is easily seen that the mapping S)2 ^ H ^ Rh G C{Vt'^,Mr) is continuous. A direct 
verification shows that the function 

{RH{x,t)-H{x~t), {x,t)eQ+, 
''"^"''^^=|o, ix,t)en- ^'-'^ 

solves the Krein equation (11. 5p . Therefore Rh belongs to G^(Mr), and the mapping S)2 ^ H 
Rh G G'^(Mr) is continuous. 

Let us prove (m). Assume that H G First let us show that G S^2- Construct the 
integral operator Jif^ via the formula (13. ip with instead of H. The operators + M''^ and 

+ are unitary equivalent under the unitary transformation f{t)\-^f{l — t). Therefore 
/ + ^ > if and only if J + > 0, and thus ii^ G The equality can be easily 
verified having noted that Ta^nio, — x,a — t) = T^Hfii^jt) ^a,H{x,t) = [Ta,H(t,x)]* for all 
X, t G [0, a] and for all H G S^2- 

The continuity of G easily follows from its definition and continuity of the mapping H ^ Rh-, 
and thus the statement {Hi) is proved. 

It is left to prove {iv). It follows from [H Chapter IV] that if ii G fi2 n C^{[-1, 1],M^), 
then the function a t— )■ Ta,H{u,v) is continuously differentiable for a > max{u,?;}. Therefore 
taking into consideration (13. 4p and (13. 3p we conclude that Rh G C^(r2+,M,.). □ 

3.2.2 The GLM equation 

Here we establish structure of the solution of Gelfand-Levitan-Marchenko (GLM) equation. 
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Lemma 3.3 Let H G L2{{-1, 1), Mr). If H E i^s, then the GLM equation 

X 

L{x,t) + FH{x,t) + j L{x,s)FH{s,t)ds = 0, (x,t)G^]+ (3.5) 



has a unique solution in the class L2(fi+,M2r); moreover, this solution 
belongs to G'^(M2.r) and takes the form 

Proof. A direct verification shows that the function Lh given by (13.61) solves the GLM equation 
fl33|) . Since Fh G G2(M2r) and Lh G L2{n+,M2r), the results of [B] yield that Lh G G^(M2,.). 

□ 

Remark 3.1 Since the mapping H ^ Rh is continuous, it is easily seen that the mapping 
H I— 7- Lh given by /i3.6\) is also continuous. 

3.2.3 Theorem on factorization of '^^,0 

Main result of the present subsection is the following theorem. 

Theorem 3.1 Let a = ((Aj,aj))jgz be a collection satisfying the conditions (Ai) and (A3), 
^ ■= H := H^. Set q := Q{H). Then 

= {y + ^,)-\y + ^;)-\ (3.7) 
where is an integral operator with kernel Kg (see Lemma \2.1\) . 

Proof. By virtue of Lemma 1231 the function Lh given by (13. 6p solves the GLM equation (13. 5p . 
Thus, as follows from [Bl the equality 



^„,o = (^ + ^i/)-'(^ + ^^ 

takes place, where ^h is an integral operator with kernel Lh- Therefore it is left to show that 
= i-e. it suffices to show that 

LH = Kg, q = Q{H). (3.8) 

Notice that it is enough to prove (13.81) only for the case i7 G i^l fl C^([— 1, 1], M,.). Indeed, 
the set $^2 ^ C'^([— 1, 1], Mj.) is dense everywhere in and the mappings q Kg, 9 and 
H ^ Lh are continuous (see Lemma [2. H Lemma [3.21 and Remark 13.11 respectively). 

Let H E 5^2^ ^^{{"'^1 Ij^^r)- Taking into consideration Lemma [2.11 it is easily seen that 
the equality (13.81) is equivalent to the fact that the function 



V9(x, A) := v?o(a;, A) + j Lh{x, s)(po{s, X)ds (3.9) 



solves the Cauchy problem 

^A.^ + ciip = Xip, ip{0,\) = 'da*. (3.10) 
15 



Thus it is left to prove fl3.10p . Let us introduce the auxihary functions 
The definitions of Rh and Rh yield that the following relation holds: 

X 

RH{x,t) + H{x-t)+ RH{x,s)H{s-t)ds = 0, {x,t)eQ+. (3.11) 



Moreover, by virtue of Lemma [3.21 we obtain that Rh G C^{Q~^,M2r)- 
Noting that 

Lh{x, t) = l[RH (x, ^) + Rh (x, ^) j} 

and 

Jipo{x,\) = (fio{-x,\), = (j o) ' 

we can rewrite fl3.9p as 

X 

(p{x^ X) = (po{x, X) + / Rnix, X — s)(po{x — 2s, X)ds. 



From this equality, taking into consideration that 'd-^ipo{x, X) — X(fo{x, X) = 0, we easily obtain 
that 

'&£'f{x, X) + q{x)ip{x, X) - Xip{x, X) = {'dRnix, 0)J(^o{x, X) + q{x)ipo{x, A)} 

X 

+ j [&-t[RH{x,x-s)]+ci{x)RH{x,x-s)^^^{x-2s,X)ds. (3.12) 



Taking into consideration fl3.2p we conclude that q(x) = —'dRH{x,0)J and thus the relation 
fl3.12p can be rewritten as 



+ ^) - V(a;, A) 

^ J {£[RHix, x-s)]- Rnix, 0)JRHix, s) j} - 2s, X)ds. 





If we show that 

£[RHix, x-s)]- Rnix, Q)JRh{x, s)J = (3.13) 

for {x,t) G Vt^ , then f l3.10p will be proved. 

Let us show fl3.13p . From fl3.1ip we obtain that 

X 



and differentiating this expression with respect to x we can write 

X 

iu.,.- 1) + mt - .) + - s)is . 0. (3.14) 
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Now we multiply the relation (13. lip by Rh{x,0)J from the left and by J from the right, and 
write 

Rh{x, 0)JRh{x, t)J + Rh{x, 0)JH{x -t)J 

X 

+ j RH{x,0)JRH{x,s)H{s-t)Jds = (3.15) 



for [x, t) G Q^. Subtracting now (I3.14p from (13.15^ and taking into consideration that H[x)J = 
JH{—x), we obtain that the function 

X{x,t) = £[RHix,x - s)] - RHix,0)JRHix, s)J 

solves the equation 

X 



Since Rh € C^{Q~^ , M2r), X G C{Q'^,M2r) and thus by virtue of Lemma [B.ll and the relation 
(13. lip we conclude that X{x,t) = 0. Therefore the relation (I3.13P follows, and the proof is 
complete. □ 



Remark 3.2 Let a = {{Xj,aj))ji^i be a collection satisfying the conditions {Ai) and (A-^), 
H := fi°, H := H^, q := Q{H). Then from the equalities ( [o/. 7| j and 26]) we obtain that 

K<i = ^- (3-16) 



3.3 Description of the spectral data: the sufficiency part 

In this subsection we show that if a collection a satisfies the conditions (Ai) — (A3), then it 
belongs to 21, i.e. that a = for some g G 0. This is the sufficiency part of Theorem ll.il 
We start from proving the following lemma. 

Lemma 3.4 Let a = {{Xj, aj))j^z be a collection satisfying the conditions {Ai) — {A3), fi := /x", 
H := H^, q := Q{H). Set 

Then the collection {Pjjjgg forms a complete system of pairwise orthogonal projectors. 

In order to prove this lemma we need the following additional statements, that are proved in 
[12] (Lemmas B.2 and B.3 respectively). 

Lemma 3.5 Let H be a Hilbert space. Assume that {Aj)°^^ is a sequence in ^{H) and that 
{Gj)'jLi is a sequence of pairwise orthogonal projectors such that the following statements hold: 

(i) the series Yl^=i^j converges in the strong operator topology to an operator A; 

(a) the orthogonal projector G := J^h — Xljli ^■^ of finite rank; 

(Hi) Yl'jLi W^j ~ ^jlP < 1 ^''^d TsmkAj < rankGj < 00 for every j G M. 
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Then codim Ran A > rankC. 

Lemma 3.6 Let H be a Hilhert space, and let {Aj}^^^ he a set of self-adjoint operators from 
the algebra l3§{H) that are of finite rank for j ^ 0. // 

n n 

Aj = J^H, rank Aj < codim Ran Aq, 

j=0 j=l 

then {Aj}'j^Q is the set of pairwise orthogonal projectors. 
We use these statements to prove Lemma 13.41 

Proof of Lemma 13. 4L It follows from Lemma 12.31 that the series Xljez converges in the 
strong operator topology, and in view of fl2.18p and fl3.16p we obtain that 

oo 
j=~oo 

Thus, it is enough to show that the operators Pj, j G Z are pairwise orthogonal projectors. 
Denote 

An := ^ Pj. 

By virtue of Lemma we obtain that Yl'^=-oo ll-^n,o ~ ^nlP < C)0, and therefore there exists 
an Ai'o G N such that J2\n\>NQ W^nfi ~ ^n|P < 1- Moreover, due to the conditions (Ai) and (A2) 
we conclude that Nq can be taken so large that 

N 

J2 Yl ranka^- = (2A^ + l)r, > A^o, (3.17) 

n=-N AjSAn 

II aj-/||<l, |n|>Aro- (3.18) 

First let us show that 

rankoj = r, |n| > Aq. (3.19) 

Xj e A„ 

Indeed, it follows from fl3.18l) that XIa eA ranka^ > r and from fl3.17l) that XIa eA ranka^ + 
J2x eA- rankoj = 2r for |n| > Aq? and thus we obtain (13.191) . 
Fix N > No and set 

|n|>Af |?i|>Af 

Since rankPj = ranka^ for all j G Z (which follows directly from the definition of Pj and 
fl2.10p ). taking into consideration fl3.19p we conclude that 

ranky4„ < rankP,- = rank a-,- = r = rankP^^Oj In] > Aq. 

RecaUing also that {P«,o}iGZ forms a complete system of pairwise orthogonal projectors, by 
virtue of Lemma 13.51 we obtain that 

codim Ran A > rankP = (2A^ + l)r. 
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Moreover, A + Y.n=-N = Ejez A = and 

AT N ^ 

rank An < ^ ^ rank 

n=-N n=~N Xj^An 

N 

= Yl rankoj = (2A^ + l)r < codim Ran A. 

n=-N Aj-eAn 

Therefore, since the operators A and y4„, \n\ < N, are self-adjoint, by virtue of Lemma [3.61 we 
obtain that the set 

N 
n=-N 

is a set of pairwise orthogonal projectors. Since is arbitrary, we conclude that projectors 
{Pj}j^z are orthogonal ones. □ 

In order to prove the sufficiency part of Theorem II. II it obviously suffices to find g G such 
that a = aq. 

Theorem 3.2 Let a = {{Xj,aj))j^z be a collection satisfying the conditions (Ai) — {A3), /i := 
H := Hf,, q := e{H). Then a = Ug. 

Proof. It is enough to prove the relation 

Ran Pj C ker(Tg - j E Z. (3.20) 

Indeed, taking into account the completeness of system {Pjjjg^, from f l3.20p we immediately 
conclude that \j{q) = Xj for all j G Z, where \j{q) are the eigenvalues of Tq. From this equality 
and fl3.20p we obtain the relation Pj g — Pj > 0, j G Z, where Pj g are corresponding orthogonal 
projectors of Tg. However, by virtue of completeness of the systems {-Pjjjez and {Pj,g}j& we 
conclude that J2jezi^j,<i ~ A) ~ 0' therefore Pj^g — Pj = for all j G Z. Therefore, taking 
into account Lemma [3.41 and the definition of Pj, we conclude that 

$,(A,){a,(g)-«,}$;(A,) = 0, j G Z, 

and by virtue of fl2.10p we justify that aj{q) = aj, which, together with Xj{q) = Xj, means that 

a = Og. 

Thus it only remains to prove fl3.20p . Due to the definition of $g(A) and f l2.10p we obtain 
that Ran Pj = {fg{-, Xj)ajC \ a G C}. From the other side, by virtue of Lemma [2^ we obtain 
that 

ker(Tg - XjJ^) = {(Pg{-, Xj)c \ aipg{l, Xj)c = 0}. 
Therefore we conclude that it is enough to show that 

a(pg{l,Xj)aj = 0. (3.21) 

Let j,k E Z and c,d E C". Then, taking into account that q = q*, "i?* = —-^ and integrating by 
parts, we obtain that 

Xj{<^g{Xj)c I $g(Afc)rf) = {^<^g{l, Xj)c I <^g{l,Xk)d) + Xk{<l>g{Xj)c I <l>g{Xk)d), 

Xj<^giXk)*<^g{Xj) - Afc$g(Afc)*<l>,(A,) = ^g(l, XkY'&M^, A,). (3.22) 
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Since PkPj = if A; 7^ j, we obtain that (^q{\k)ak^*^{Xk)^q{\j)aj^*g{\j) = 0, and by virtue of 
fl2.10p we conclude that afc$g(Afc)$g(Aj)aj = 0. Multiplying now fl3.22p by from the left and 
by aj from the right we obtain that 

ak^g{l, XkY'&'f gil, \j)aj = 0, 

and therefore we can write 

I J2 i-^Tc^mil, XkY \ Mil, \^)a, = 0, A, ^ A„. (3.23) 

Taking into account (12. 4p . it follows from the Riemann-Lebesgue lemma and the asymptotic 
behavior of the sequences (A^) and (a^) that 

lim I V {-irMl,Xk)ak \ =^a*, 
and passing to the limit in (13.230 we obtain the relation (13.210 . □ 



3.4 Potential reconstruction: proof of Theorems 11.21 and 11.41 

Finally, we prove Theorems 11.21 and 11.41 

Proof of Theorem 11.21 Suppose that gi, ^2 ^ and let = a^^. Let us show that qi = q2- 
Write ttgi = =: a for short, and set := /i", if := H^. Then by virtue of Theorem 13.11 the 
operator ^^,0 = + admits a factorization, and we can write 

^^^,0 = (^ + + JQ)-' = + + 

Since any operator may admit at most one factorization of the above form (see[B]), we conclude 
that 

— yl^ 

It is left to notice that = J^g^ =^ = ^2- Taking into account (12. 4p we conclude that 
= =J^2 =^ fqii', 0) = fg2{-, 0) =: ip, and therefore we obtain 

-dip' + qiV9 = ')!}ip' + = 0, 

and thus {qi — q2}v^ = 0. 

Thus it is left to show that for all x the matrix (p{x) is invertible. Assume the contrary. 
Then there exist xo G (0, 1] and c G C \ {0} such that (p{xo)c = 0, and therefore the function 
/ = (pgj^{-, 0)c is a non-zero solution of the Cauchy problem -df + qif = 0, /(xq) = 0. But this 
is in contradiction with the uniqueness theorem; thus (p{x) is non-singular, and qi = q2. 

Besides this, by definition of the spectral data we obviously have qi = q2 =^ cigi = cig^, and 
therefore we conclude that the mapping £} 9 g 1— t- G 21 is bijective. □ 

Proof of Theorem II. 4i Theorem 11.41 now directly follows from Theorems 11.21 and 13.21 □ 
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A Spaces 



By (Mr) we denote the set of all measurable functions K : [0, 1]^ — )■ M^., such that for all 
X and if: in [0,1] the functions K{x,-) and K{-,t) belong to L2{{0,1), Mr) and, moreover, the 
mappings 

[0, 1] 9 X H-> K{x, ■) G L2((0, 1), Mr), [0, 1] 3 t ^ K{-, t) G L2((0, 1), M,) 

are continuous on the interval [0, 1]. It can easily be seen that G2{Mr) C L2{[0, 1]^, Mr). The 
set G2{Mr) becomes a Banach space upon introducing the norm 

II^IIg2(m,) = max<^ max \\K{x, ■)\\L2{(o,i),Mr), max t)||L2((o,i),AfO \ ■ 

By ^2 (Mr) we denote the space of all integral operators with kernels K G 6*2 (M^). It forms a 
subalgebra in the algebra of compact operators in L2((0, 1), C''). 
We denote 

n+ ■= {{x,t) I < t < a; < 1}, n- := {{x,t) | < x < t < 1}. 

We write G^(Mr) for the set of all functions K G G2{Mr) such that K{x,t) = a.e. in Q~ , 
and G^(Mr) for set of all K G G2iMr) such that K{x, t) = a.e. in By '^^^iMr) we denote 
the subalgebra of ^2(Mr) consisting of all operators with kernels K G Gf{Mr). 



B Factorization of operators 

Here we state some well-known facts from the theory of factorization. In particular, these facts 
are mentioned in [12], [H]- See also p!3] for details. 

We say that an operator + ^ G ^2(Mr) admits a factorization (in '^2{Mr)) if there 
exist ^+ G ^2^ (Mr) and ££- G ^2~(^r) such that 

+ ^ = (^ + ^+)-i(^ + ^-)^i. 

It is known that if + ^ admits a factorization, then the corresponding operators and 
are unique. Moreover, the set of operators G ^2(Mr), such that + admits a 
factorization, is open, and the mappings ^ i— ?■ G ^2(Mr) are continuous. 

An operator J" + ^ , ^ G ^2 (Mr) admits a factorization if and only if the operators 
i + Xa^Xa have trivial kernels for all a G [0, 1]. Here Xa is an operator of multiplication by the 
indicator of the interval (0, a], i.e. 



(Xa/)(a;) 



/(x), xG(0,a], 
0, X G (a, 1), 



If ^ is self-adjoint, then this condition is equivalent to the positivity of J' ^ ^ . 

From the other side, it is known that + ^ admits a factorization in ^2 (Mr) if and only 
if the equation 

X 



where F is the kernel of is solvable in L2(^^^,Mr). In this case its solution is unique 
and belongs to G\{Mr)- Eq- (IB.ip is usually called the Gelfand-Levitan-Marchenko (GLM) 
equation. 

Also we formulate the following lemma (see Lemma A. 3 in |12]). 
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Lemma B.l Let F G L2{{0, 1)^, Mr). Then the GLM equation IIB. 1\} has at most one solution; 
if liB. 1\) is solvable, then the equation 

X 



has only trivial solution in L2{fl~^,Mr). 

References 

[1] M. G. Gasymov and B. M. Levitan, The inverse problem for the Dirac system Dokl. Akad. 
Nauk SSSR 167 (1966), 967-70 (in Russian). 

[2] M. G. Gasymov and B. M. Levitan, Determination of the Dirac system from the scattering 
phase Dokl. Akad. Nauk SSSR 167 (1966), 1219-22 (in Russian). 

[3] M. G. Gasymov and T. T. Dzabiev, Solution of the inverse problem by two spectra for the 
Dirac equation on a finite interval Dokl. Akad. Nauk Azerbaidzan. SSR 22 (1966), 3-6. 

[4] M. M. Malamud, Uniqueness questions in inverse problems for systems of differential equa- 
tions on a finite interval Trans. Moscow Math. Soc. 60 (1999), 173-224. 

[5] M. Lesch and M. Malamud, The inverse spectral problem for first order systems on the 
halfUne Oper. Theory Adv. Appl. 117 (2000), 199-238. 

[6] S. Albeverio, R. Hryniv and Ya. Mykytyuk, Inverse spectral problems for Dirac operators 
with summable potentials Russ. J. Math. Phys. 12 (2005), 406-23. 

[7] S. Clark and F. Gesztesy, Weyl-Titchmarsh M-function asymptotics, local uniqueness re- 
sults, trace formulas, and Borg-type theorems for Dirac operators Trans. Amer. Math. Soc. 
354 (2002), 3475-534. 

[8] F. Gesztesy, A. Kiselev and K. A. Makarov, Uniqueness results for matrix-valued 
Schrddinger, Jacobi, and Dirac-type operators Math. Nachr. 239/240 (2002), 103-45. 

[9] A. Sakhnovich, Dirac type and canonical systems: spectral and Weyl-Titchmarsh matrix 
functions, direct and inverse problems Inverse Problems 18 (2002), 331-448. 

[10] A. Sakhnovich, Dirac type system on the axis: explicit formulae for matrix potentials with 
singularities and soliton-positon interactions Inverse Problems 19 (2003), 845-54. 

[11] D. Chelkak and E. Korotyaev, Weyl-Titchmarsh functions of vector-valued Sturm- 
Liouville operators on the unit interval J. Funct. Anal. 257 (2009), 1546-88. 

[12] Ya. V. Mykytyuk and N. S. Trush, Inverse spectral problems for Sturm-Liouville operators 
with matrix-valued potentials Inverse Problems 26 (2010), 015009. 

[13] N. Trush, Solutions of the Cauchy problem for factorized Sturm-Liouville equation in a 
Banach algebra Mat. Stud. 31 (2008), 75-82. 

[14] I. Gokhberg and M. Krein, Theory of Volterra operators in Hilbert space and its applications 
Nauka, 1967 (in Russian). 



22 



[15] N. Trush, Asymptotics of singular values of entire matrix-valued sine-type functions Mat. 
Stud. 30 (2008), 95-7. 



23 



